INTRODUCTION
Electromagnetic field of the moving point charge is in the literature commonly expressed in form of the Liénard-Wiechert potentials [1] [2] [3] . In the case of the charge moving along the straight line with the constant velocity the pertaining expressions can be obtained also by direct application of the relativistic Lorentz transformation of the Coulomb potential of moving charge [4] . It is shown here that the respective results can by obtained by straightforward application of the formalism of symbolic functions (distributions) using the classical formulae for retarded potentials. It is shown that the application of this formalism makes it possible, by relatively simple means, to solve also the case of the electromagnetic field of the steplike accelerated charge.
It is well-known that the charge moving with velocity v in the medium where the velocity of light is c = 1/ √ µε , provided v < c, does not radiate electromagnetic energy in spite of the fact that the electromagnetic field changes in time due to the moving charge.
In the case v > c, that is of course impossible in vacuum, where c = c 0 = 1/ √ µ 0 ε 0 , but can well occur in material media -in the theory modeled by a continuum with c = 1/ √ µε < c 0 -the electromagnetic energy is out-radiated in form of aČerenkov shock wave similar to sonic shock wave arising when a plane overcomes the sonic barrier -the sound velocity in air. Here this difference in non-propagating waves connected with the charge moving at the velocity v < c andČerenkov radiation for v > c is shown using the expansion of the field into the spectrum of plane, or cylindrical waves -in the first case nonpropagating evanescent waves bound to the charge and in the second the waves radiating energy away from the charge.
RETARDED POTENTIALS
In many textbooks on electromagnetics eg [1] [2] [3] the formulae for the retarded scalar potential Φ(r, t), and retarded vector potential A(r, t) in the infinite homogeneous space with constant permittivity ε and constant permeability µ, are often commonly simply written down in the form
where r is the observation point, r ′ the source point, q(r ′ , t) is the charge density and J(r ′ , t) the current density. The retardation in time is given by the term |r − r ′ |/c, where c = 1/ √ µε is the light velocity in a given medium, ie the time needed for any information to propagate along the path |r − r ′ | with the velocity c. Formulae (1) and (2) are solutions of the wave equations
obtained from Maxwell's equations using the Lorentz gauge. Here ∇ 2 is the Laplace operator. The field quantities are then obtained in the usual way as
B(r, t) = curl A(r, t) .
The above formulation (1) and (2) means in fact the space convolution after the the time convolution of the pertaining source densities q(r, t) and J(r, t) with the Green function of the infinite homogeneous space G(r, t) has been performed, ie
The Green function G(r, t) of the infinite homogeneous space is given as the solution of the wave equation
on an infinite domain, where δ(t) means the Dirac deltafunction and δ(r) = δ(x)δ(y)δ(z) the three dimensional delta-function. The solution of (9) can be easily obtained eg [5] in form of the spherical delta-function wave-front spreading in space with velocity c as a function of time,
where r = |r| = x 2 + y 2 + z 2 . Thus substituting (10) into (7) and (8) leads to (1) and (2).
RETARDED POTENTIALS FOR THE MOVING POINT CHARGE
The charge and current density of a point charge moving with the velocity v (for simplicity) in direction of z axis can be easily expressed using the delta-functions
or simply J z (r, t) = vq(r, t). After having performed at first the space convolution in (7) and (8) one obtains
where the common cylindrical coordinate system has been introduced, with the variables and the unit vectors
and with the reverse relation x = ρ cos ψ , y = ρ sin ψ . To solve (13) one may reformulate the integral therein
where 1(t−. . . ) is the unit-step-function (Heaviside function). After the substitution t − τ = ξ this integral takes the form
Since the square root in (15) is always positive (physically it has a meaning of distance) the value of the variable ξ in the argument of the delta-function must be positive too. This leads to the positive root
of the quadratic equation
pertaining to the zero point of the argument of the unitstep-function in (15). Then integral
yields with use of the formula 2.261 in [6] the final result
CASE v < c : LIÉNARD-WIECHERT POTENTIALS
The potentials for the moving point charge -called Liénard-Wiechert potentials -are thus given as
where η = 1 − (v/c) 2 is the Lorentz factor and (20) is the relastivistic Lorentz transformation of the electrostatic scalar potential. The resulting electric field intensity of a moving point charge equals
with the conservative part 
The magnetic field induction of a moving point charge reads
Notice that the star-shaped field lines of the electric field E(r, t) accordingly (21) are in any time instant the same as for the electrostatic field, but the field itself is moving, it has the conservative as well as the solenoidal component. The equipotential surfaces of Φ(r, t) are not spherical but ellipsoidal surfaces moving together with the charge.
The Poynting vector P = E × B/µ representing the power flow density in the electromagnetic field reads
In fact the power flow density is circulating around the charge and this circulation is moving with it since the expresion [
where u ϑ is the unit vector of the local spherical coordinate system (moving with the charge) pertaining to the polar angle ϑ. The steady power density flow occurs in the direction of the z -axis only and in the plane of the moving charge it reads
5 CASE v > c :ČERENKOV SHOCK WAVE Velocity of the moving charge can never be higher than the velocity of light in vacuum c 0 = 1 √ µ 0 ε 0 . However, in the material media represented by continuum with µ > µ 0 and ε > ε 0 is the phase velocity of the propagating plane wave c = 1 √ µε smaller than c 0 and in principle the velocity of the moving charge can be higher than c.
In such a case the value under the square root in (16) is positive only for the relation
The domain defined by (27) is the conical domain to the left from the conus vertex point z = vt and with the conus-opening-angle α , where sin α = c/v as shown in Fig. 1 . The conical boundary spreads out in direction given by the angle β , cos β = c/v . The solution outside this domain is zero, therefore (20) must be written in the form
where χ = −η = (v/c) 2 − 1 , yielding thus the electric field intensity
and the magnetic field induction
It can be easily seen that the directions of the regular terms of the electric and magnetic field are reversed as compared to (21) and (24). The δ -like terms on the conical boundary represent the shock wave.
The regular part of the pointing vector within the conical domain reads
On the conical boundary enclosing the electromagnetic field the Poynting vector P(r, t) is directed outwards and perpendicular to this boundary. Observe that if the charge moves with exactly the transitional velocity v = c, ie χ = −η = 0 then in (28)
and this theory leads to E(r, t) = 0 , B(r, t) = 0 .
SPECTRAL EXPANSION
When spatio-temporal spectra of the charge and curent density is introduced one obtains after the temporal and two-dimensional spatial Fourier transform of (11) for q(x, κ y , κ z , ω)
and similarly for J z (x, κ y , κ z , ω) = vq(x, κ y , κ z , ω). After the substitution into (65) and integration with respect to x ′ and κ z one obtains for temporal frequency spectra Φ(r, ω) and A z (r, ω) the formula
where k 0 = ω/c and k = ω/v . For the charge moving with the velocity v , for the classical case v < c, ie k > k 0 , (34) takes the form
In this case the spectrum consists of the evanescent waves only. The integration in (35) can be performed [7] with the result 
given by the unit vectors [u x , u y , u z ], with the phase velocity c = ω/k 0 . All of the them span exactly the angle β with the z -axis, where tan β = k 2 0 − k 2 k , or cos β = c/v , and this is exactly the direction in that the conical boundary of the shock wave spreads out in space with velocity c as shown in previous paragraph and in Fig. 1 . This is the direction of the power flow density, ie the direction in which the energy of theČerenkov radiation is out-radiated. For κ 2 y > k 2 0 − k 2 one arrives again to the spectral components in form of evanescent waves.
Formula [34] can be integrated too [7] , with the result
where
is the Hankel function with an oscillatory character. Here the energy is not only transmitted along the z -axis but also out-radiated in the cylindrical radial direction.
POTENTIALS OF THE STEP-LIKE ACCELERATED POINT CHARGE
Let us consider the modified situation when the point charge is up to t = 0 at rest and for t > 0 it will be stepwise accelerated to the velocity v , ie in the direction of the z -axis. Hence
The current density J(r, t) is obviously equal to zero for t < 0 when the charge is at rest. The formulae for the retarded potentials now read
As long as t < 0 holds, the arguments of δ -functions can be equal to zero only for τ < 0 , yielding τ 1(τ ) = 0 . Therefore for t < 0 the vector potential is zero A(r, t) = 0 -there is no current, the charge is at rest, and the scalar potential (43) is identical with the electrostatic potential of the point charge. For t > 0 and τ > 0 the formulae for the retarded potentials are the same as (13). For the variable ξ in the additional condition τ = t − ξ > 0 , ie ξ < t, due to the presence of the unit-step-function 1(τ ) in (41) and (42) must be met. Hence for v < c, the variable ξ 0 in (16) must fulfil the condition ξ 0 < t leading to the relation
which can be easily recast into the simple form
The right hand side of (44) must itself fulfil the condition z < ct(c/v). This together leads to the spatiotemporal domain of validity in the form
Since in this case c/v > 1 the solution is z 2 + ρ 2 < ct, ie it represents the inner domain of the sphere with the in-time-expanding radius r = ct as shown in Fig. 2 .
The field inside the sphere, z 2 + ρ 2 < ct, is identical with the electric and the magnetic field of the moving charge (21) and (24). The field outside z 2 + ρ 2 > ct is the electrostatic field
Delta-like terms of the fields exist on the spherical boundary surface r = ct in this case too and are given by
B(r, ϑ, t) r=ct = − µQv 4πct
For the case v > c the solution can exist only within the volume of the conical domain (50). If the conditions ξ > ξ 0 , ξ < t should hold, the inequality
has to be met. If the right hand side of (50) is positive,
This is the spatio-temporal domain of the conus to the right outside of the sphere z 2 + ρ 2 < ct as seen in Fig. 3 . Together with (46) this leads to the domain of existence of the wave depicted in Fig. 3 .
CONCLUSIONS
The analysis presented here demonstrates that by using the formalism of Heaviside unit-step function and the δ -function as a derivative of the Heaviside function makes it possible to obtain the results representing the relativistic character of electric and magnetic field by purely classical approach. For the step-like accelerated point charge the shape of the boundary between the electrostatic field of the charge at rest and the dynamic field of the moving charge has been uniquely identified. This paper is a revised version of the author's work [8] .
The spectral densities Φ(r, ω), A(r, ω) of the scalar and vector potential Φ(r, t), A(r, t) are then expressed in the form
If subsequently the two-dimensional Fourier transform with respect to spatial variables y , z is introduced, ie f (x, κ y , κ z , ω) = This after substitution into (58) leads to the result Similar formula can be found for the vector potential A(r, ω) of current density too.
